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1. Check whether the following statements are true or false. Give a proper justifi-
cation. 2 x 6 =12]

(a)

Let f: X — Y be a function and let A,B C Y. Then f71(AUB) =
fHA) VB,

Solution: True

We have z € f1(AUB) < f(z) € AUB

<~ f(r)eAor f(zr)e B

<« z€ f1(A)orxze fB).

—(pV (—=p A q)) and =p A =q are logically equivalent.

Solution: True

Using laws of propositions, we have =(pV (=p A q)) = pA (=(-pAq)) =
“pA (Vg =(pAp)V (pA—q) =FV(-pA—q)=(—pA—qg).

The set X = {x = > 208 a; € {0, 2,4}} is countable.

Solution: False
We know that the set Y = {0,2,4}" is uncountable. It is obvious that the

mapping f : Y — X defined as f((z1,22,23,...)) = ;=) “&*, is bijective.

Let G be a simple, connected graph with 13 vertices and 76 edges. Then G
is Hamiltonian as well as Eulerian.

Solution: False

Note that it has two less vertices in comparision of number of edges in K3
that is (123) = 78. This means that the minimum possible degree of a vertex
in G is 10 as at most two edges from one vertex in Ki3 could be removed
to obtained G.

As the minimum degree of any vertex in GG is 10 then by Dirac’s Theorem



(G is Hamiltonian.
The graph is not necessarily Eulerain as G can be obtained from K3 by

deleting two edges in such a way that G has four vertices of degree 11.

(e) The group of symmetries of an equilateral triangle D3 is abelian,
Solution: False

Here D3 = {1,r,7% s, sr,sr?}. For two elements sr and sr? of D3, we get
(s7)(sr?) # (sr2)(s7).

(f) Every abelian group is cyclic.
Solution: False
Consider an abelian group G = {e, a,b, ab} with a® = e, b> = e, it is easy to

see that G is not cyclic.
2. Let us define sets A and B as follows: [10]
A={g,0,l,e} and B = {Your enrolment number}

For example: if your enrolment number is 79¢2023175, then B = {i,¢,0,1,2,3,5,7}.
Now, define C'= AU B and m = |A|, n = |C|, where |A| denotes the number of
elements in A.

We have A = {g,0,l,e} and C = {e, g,i,l,0,t,0,1,2,3,5,7}.

So, |[A|=m =4 and |C|=n=12.

(a) Let F be a finite field with ¢, = 5" elements. Prove that z'* = x for all
nonzero x € F.
Solution: We know that if I’ is field then (F£\ {0}, .) forms a group of order
t, — 1. Take |F| = 5'% then 2® ' =1V 2 € F\ {0} by using that order

of an element divide order of the group. Hence, 2°° =z V z € F. 2]

(b) Construct a non-identity group homomorphism & : Z, — Z,, where Z, is
the group of integers modulo n.

Solution: If & : Z, — Z, is a group homomorphism. Then, for z €
Zo f(@) = F(1+ 1+ -+ 1)(a-times) = 2 f(1). 1

2



Take f(1) =a # 1€ Z,. [1/2]

So f(x) = ax, for some a € Z, is a non-identity group homomorphism.[1/2]

(¢) Construct (if possible) a self-complimentary graph with n vertices; other-

wise, give a reason.

Solution: For any graph G with n vertices, |E(G)] 5
Since G is self-complimentary graph. |E(G)| = |E(G)|. This implies that
|E(G)| = @. Here, n = 12 so such graph exists. 3]

+B(G)| =

(d) Construct a simple graph with 28 edges wherein m vertices of degree 2,
m — 1 vertices of degree 4 and remaining of degree 3.

Solution: For any graph G,
> v =2|E|.
veV

Suppose that total number of vertices is . Then 4.2+3.4+(z—7).3 = 2.28.
On solving this, we get x = 19. 2]

1]

3. Suppose you are given a Cadbury Dairy Milk Chocolate bar with 10 pieces. In
how many ways, you can distribute the 10 pieces (considering all possible cases,
including not giving any piece to some of them) to your 5 friends? 3]

Solution: Suppose each friend is given x; number of pieces.
1+ xotarst+ays+ax5=10, 0<z; <10, Vi=1,23,4,5. 1]

The coefficient of 'V in the expansion of (1 +x + 2% + 23 + ... + 2'%)° is total



4.

number of ways that 10 pieces given to 5 friends.

(I+x+2®+2°+... +2'°
= (1-2"MY1-2)"°

_(1- x11)5§% (‘3(-1)%&

-5
= (14 152* 4 1027 — 5a'' — 102% — 27) Y~ ( N )(—1)’%‘?

So, the coefficient of !0 is (—1)1(77).

Note that: (—Tn) _ —n(—n—l)...(—n—r—i—l).

7!

k=0

2]

Alternative solution: the number of r-combinations from a set with n elements

when repetition of elements is allowed is ("""

here for given problem n =5 and r = 10.
54+10—1 14
( +10 ) - (10) = 1001.

1]

2]

(a) Prove that any simple connected planar graph must have a vertex of degree

5 or less.

3]

Solution: For a simple connected planar graph e < 3v — 6 (1)

Suppose this has no vertex of degree 5 or less. i.e. deg(v;) > 6 for each

vertex v;. By Handshaking lemma, ) deg(v;) = 2¢ = 6v < 2e, a

contradiction (because from (), 2e < 6v).

(b) Show that a simple graph G with n vertices is connected if it has more than

(n—1)(n —2)/2 edges.

3]

Solution: Let G be a simple graph which has more than (n — 1)(n —2)/2

edges. Suppose G is not connected. Then G has two subgraphs (say G; and
G9). Let G has k-vertices then GGy has n — k vertices. So,
B(G)| < Ml bk D) L9g2 4 2 — 20k —n) or

2

|E(G)| < %(n —1)n—=-2)+(k—1)(k—n-+1).

(*)

Since k >1sok—1>0and k <n-—1so(k—n+1) <0. Thus, by
(), |E(G)] < 1(n —1)(n — 2), a contradiction. Therefore, G is connected.



5. Find all solutions of the recurrence relation a, = 6a,_1 — 11la,_s + 6a,_3 + 7",
with the initial conditions ay = 2, a; = 5, and as = 15. 5]

Solution:

The characteristic equation of the associated homogeneous recurrence relation is
given as
r® —6r? 4+ 11r — 6 = 0. [1]

The characteristic root is r =1, 2, 3.

The solution of the recurrence relation are of the form

a(h) = Oélln + OéQQn + 0633n. [1]

n =

Further, 7 is not the root of associated linear homogeneous equation. Therefore,
ay) = B, 1]

Also, a%p ) will satisfy the given recurrence relation, that is,

BT = 687" — 11872+ 65T + 7"

65 118 68
=— ——+ =+ 1.
p 7 72 i 73 *
This gives f = i’g‘—g. Consequently, the solution is
343
ay, = aflh) + aflp) = 11" + a2" + 33" + —T7". 1]
120
Now, using the initial conditions, we get 1]
ap =2 =oa; +az+ a3+ 343
0=2=0q 2 3T 150
=5=o1+ 209+ 3 -|—2401
a1 =9 =01 Q9 a3 120
16807
=15= 4 9 —_
a9 o + 4o + Yag + 120
Solving these equations, we get a; = ’2—13, Qg = %, a3 = %.



6. What is the generating function for {ay}, where ay is the number of solutions of
T, + To + 13+ x4 = K,
when x1, xo, x3, and x4 are integers with z; > 3, 1 < 29 < 5, 0 < x3 < 4, and
Solution:
The generating function is given as

o(r) = ((x3+x4+x5+...)(:U+a:2+a:3+x4+x5)

(1+x+x2+x3+x4)(:ﬁ+x2+x3+...)) 1]

=2l +ao+22+2° + 2 A+t + 22+ 2%+ .. )

:x5(11_—:;)2(1ix)2 1
= 2°(1—2")*(1—2)™*

— (1420 - 27y (_]f) (—1)hzk. 9]

k=0




